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Abstract
Consistent interactions that can be added to a free, Abelian gauge
theory comprising a collection of BF models and a set of three-form
gauge fields are constructed from the deformation of the solution to the
master equation based on specific cohomological techniques. Under
the hypotheses of smooth, local, PT invariant, Lorentz covariant, and
Poincare´ invariant interactions, supplemented with the requirement
on the preservation of the number of derivatives on each field with
respect to the free theory, we obtain that the deformation procedure
modifies the Lagrangian action, the gauge transformations as well as
the accompanying algebra.
PACS number: 11.10.Ef
Topological field theories [1]–[2] are important in view of the fact that
certain interacting, non-Abelian versions are related to a Poisson structure
algebra [3] present in various versions of Poisson sigma models [4]–[10], which
are known to be useful at the study of two-dimensional gravity [11]–[20] (for
a detailed approach, see [21]). It is well known that pure three-dimensional
gravity is just a BF theory. Moreover, in higher dimensions general rela-
tivity and supergravity in Ashtekar formalism may also be formulated as
topological BF theories with some extra constraints [22]–[25]. In view of
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these results, it is important to know the self-interactions in BF theories as
well as the couplings between BF models and other theories. This problem
has been considered in literature in relation with self-interactions in various
classes of BF models [26]–[32] and couplings to matter fields [33] and vector
fields [34]–[35] by using the powerful BRST cohomological reformulation of
the problem of constructing consistent interactions within the Lagrangian [36]
or the Hamiltonian [37] setting. Other aspects concerning interacting, topo-
logical BF models can be found in [38]–[40]. On the other hand, models with
p-form gauge fields play an important role in string and superstring theory as
well as in supergravity. In particular, three-form gauge fields are important
due to their presence in eleven-dimensional supergravity. Based on these
considerations, the study of interactions between BF models and three-forms
appears as a topic that might enlighten certain aspects in both gravity and
supergravity theories.
The scope of this paper is to investigate the consistent interactions that
can be added to a free, Abelian gauge theory consisting of a collection of
BF models and a set of three-form gauge fields. This matter is addressed
by means of the deformation of the solution to the master equation from
the BRST-antifield formalism [36]. Under the hypotheses of smooth, local,
PT invariant, Lorentz covariant, and Poincare´ invariant interactions, supple-
mented with the requirement on the preservation of the number of derivatives
on each field with respect to the free theory, we obtain the most general form
of the theory that describes the cross-couplings between a collection of BF
models and a set of three-form gauge fields. The resulting interacting model
is accurately formulated in terms of a gauge theory with gauge transfor-
mations that close according to an open algebra (the commutators among
the deformed gauge transformations only close on the stationary surface of
deformed field equations), which are on-shell, second-order reducible.
Our starting point is a four-dimensional, free theory, describing a collec-
tion of topological BF models (each of them involving two types of one-forms,
a set of scalar fields, and a system of two-forms) and a set of Abelian 3-form
gauge fields, with the Lagrangian action
S0
[
Aaµ, H
a
µ, ϕa, B
µν
a , V
A
µνρ
]
=
∫
d4x
(
Haµ∂
µϕa +
1
2
Bµνa ∂[µA
a
ν] −
1
2·4!
FAµνρλF
µνρλ
A
)
.
(1)
The collection indices from the three-form sector (capital, Latin letters) are
lowered with the (non-degenerate) metric kAB induced by the Lagrangian
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density FAµνρλF
µνρλ
A in (1) (i.e. F
µνρλ
A = kABF
Bµνρλ) and are raised with its
inverse, of elements kAB. The field strength of a given three-form gauge field
V Aµνρ is defined in the standard manner as F
A
µνρλ = ∂[µV
A
νρλ]. Everywhere in
this paper the notation [µ . . . λ] signifies complete antisymmetry with respect
to the (Lorentz) indices between brackets, with the conventions that the
minimum number of terms is always used and the result is never divided
by the number of terms. The above action is invariant under the gauge
transformations
δǫA
a
µ = ∂µǫ
a, δǫϕa = 0, (2)
δǫH
a
µ = 2∂
νǫaµν , δǫB
µν
a = −3∂ρǫ
µνρ
a , δǫV
A
µνρ = ∂[µǫ
A
νρ], (3)
where all the gauge parameters ǫa, ǫaµν , ǫ
µνρ
a and ǫ
A
µν are bosonic, with the
last three sets completely antisymmetric. The gauge algebra associated with
(2) and (3) is Abelian.
We observe that if in (3) we make the transformations ǫaµν → ǫ
a
µν (θ) =
−3∂ρθaµνρ, ǫ
µνρ
a → ǫ
µνρ
a (θ) = 4∂λθ
µνρλ
a , ǫ
A
µν → ǫ
A
µν (θ) = ∂[µθ
A
ν], then the gauge
variations from (3) identically vanish δǫ(θ)H
a
µ ≡ 0, δǫ(θ)B
µν
a ≡ 0, δǫ(θ)V
A
µνρ ≡ 0.
Moreover, if we perform the changes θaµνρ → θ
a
µνρ (φ) = 4∂
λφaµνρλ, θ
A
µ →
θAµ (φ) = ∂µφ
A, with φaµνρλ completely antisymmetric functions and φ an ar-
bitrary scalar field, then the transformed gauge parameters identically vanish
ǫaµν (θ (φ)) ≡ 0, ǫ
A
µν (θ (φ)) ≡ 0. Meanwhile, there is no non-vanishing, local
transformation of φaµνρλ and φ
A that annihilates θaµνρ (φ) and respectively
θAµ (φ), and hence no further local reducibility identity. All these allow us
to conclude that the generating set of gauge transformations (2) and (3) is
off-shell, second-order reducible.
The construction of the BRST symmetry for this free theory debuts
with the identification of the algebra on which the BRST differential s acts.
The generators of the BRST algebra are of two kinds: fields/ghosts and
antifields. The ghost spectrum for the model under study comprises the
fermionic ghosts ηα1 =
(
ηa, Caµν , η
µνρ
a , η¯
A
µν
)
associated with the gauge param-
eters
(
ǫa, ǫaµν , ǫ
µνρ
a , ǫ
A
µν
)
from (2) and (3), the bosonic ghosts for ghosts ηα2 =(
Caµνρ, η
µνρλ
a , η¯
A
µ
)
due to the first-order reducibility parameters
(
θaµνρ, θ
µνρλ
a , θ
A
µ
)
,
and also the fermionic ghost for ghosts for ghosts ηα3 =
(
Caµνρλ, η¯
A
)
corre-
sponding to the second-order reducibility parameters
(
φaµνρλ, φ
A
)
. The anti-
field spectrum is organized into the antifields Φ∗α0 = (A
∗µ
a , H
∗µ
a , ϕ
∗a, B∗aµν , V
∗µνρ
A )
of the original tensor fields and those corresponding to the ghosts, denoted
by η∗α1 =
(
η∗a, C
∗µν
a , η
∗a
µνρ, η¯
∗µν
A
)
, η∗α2 =
(
C∗µνρa , η
∗a
µνρλ, η¯
∗µ
A
)
, and respectively by
3
η∗α3 =
(
C∗µνρλa , η¯
∗
A
)
. The Grassmann parity of a given antifield is opposite to
that of the associated field/ghost.
The BRST symmetry of this free theory simply decomposes as the sum
between the Koszul-Tate differential δ and the exterior derivative along the
gauge orbits γ, s = δ + γ, where the degree of δ is the antighost num-
ber (antigh (δ) = −1, antigh (γ) = 0), and that of γ is the pure ghost
number (pgh (γ) = 1, pgh (δ) = 0). The grading of the BRST differen-
tial is named ghost number (gh) and is defined in the usual manner like
the difference between the pure ghost number and the antighost number,
such that gh (δ) = gh (γ) = gh (s) = 1. According to the standard rules
of the BRST method, the corresponding degrees of the generators from the
BRST complex are valued like: pgh (Φα0) = 0, pgh (ηα1) = 1, pgh (ηα2) =
2, pgh (ηα3) = 3, pgh
(
Φ∗α0
)
= pgh
(
η∗α1
)
= pgh
(
η∗α2
)
= pgh
(
η∗α3
)
= 0,
agh (Φα0) = agh (ηα1) = agh (ηα2) = agh (ηα3) = 0, agh
(
Φ∗α0
)
= 1, agh
(
η∗α1
)
=
2, agh
(
η∗α2
)
= 3, agh
(
η∗α3
)
= 4. The BRST differential is known to have a
canonical action in a structure named antibracket and denoted by the symbol
(, ) (s· = (·, S)), which is obtained by setting the fields/ghosts respectively
conjugated to the corresponding antifields. The generator of the BRST sym-
metry is a bosonic functional of ghost number zero, which is solution to the
classical master equation (S, S) = 0. The full solution to the master equation
for the free model under study reads as
S = S0 +
∫
d4x
(
A∗µa ∂µη
a + 2H∗µa ∂
νCaµν − 3B
∗a
µν∂ρη
µνρ
a
+V ∗µνρA ∂[µη¯
A
νρ] − 3C
∗µν
a ∂
ρCaµνρ + 4η
∗a
µνρ∂λη
µνρλ
a
+η¯∗µνA ∂[µη¯
A
ν] + 4C
∗
µνρ∂λC
µνρλ + η¯∗µA ∂µη¯
A
)
. (4)
Now, we consider the problem of constructing consistent interactions
among the fields Φα0 such that the couplings preserve the field spectrum
and the original number of gauge symmetries. The matter of constructing
consistent interactions is addressed by means of reformulating this issue as
a deformation problem of the solution to the master equation corresponding
to the free theory [36]. Such a reformulation is possible due to the fact that
the solution to the master equation contains all the information on the gauge
structure of the theory. If an interacting gauge theory can be consistently
constructed, then the solution S to the master equation associated with the
free theory can be deformed into a solution S¯
S → S¯ = S + λS1 + λ
2S2 + λ
3S3 + · · · , (5)
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of the master equation for the deformed theory
(
S¯, S¯
)
= 0, (6)
such that both the ghost and antifield spectra of the initial theory are pre-
served. Equation (6) splits, according to the various orders in λ, into
(S, S) = 0, (7)
2 (S1, S) = 0, (8)
2 (S2, S) + (S1, S1) = 0, (9)
...
Equation (7) is fulfilled by hypothesis. The next one requires that the first-
order deformation of the solution to the master equation, S1, is a co-cycle of
the “free” BRST differential. However, only cohomologically non-trivial so-
lutions to (8) should be taken into account, as the BRST-exact ones (BRST
co-boundaries) correspond to trivial interactions. This means that S1 per-
tains to the ghost number zero cohomological space of s, H0 (s), which is
generically non-empty due to its isomorphism to the space of physical ob-
servables of the “free” theory. It has been shown (on behalf of the triviality of
the antibracket map in the cohomology of the BRST differential) that there
are no obstructions in finding solutions to the remaining equations, namely
(9), etc.
The resolution of equations (8)–(9), etc., implies standard cohomological
techniques related to the BRST differential of the free model under considera-
tion. In the sequel we give the solutions to these equations without going into
further details (to be reported elsewhere). The (non-trivial) solution to equa-
tion (8) can be shown to expand like S1 =
∫
d4x (α0 + α1 + α2 + α3 + α4),
where antigh (αk) = k. The component of antighost number four from the
above decomposition reads as
α4 = (Pab (W ))
µνρλ ηaCbµνρλ −
1
4
(P cab (M))µνρλ η
aηbηµνρλc
+QaA (f) η
aη¯A + 1
4!
Qabcd (f) η
aηbηcηd + 1
2
Qab (f) ηaµνρλη
µνρλ
b ,(10)
where we used the notations
(P∆ (χ))
µνρλ =
∂χ∆
∂ϕa
C∗µνρλa +
∂2χ∆
∂ϕa∂ϕb
(
H∗[µa C
∗νρλ]
b + C
∗[µν
a C
∗ρλ]
b
)
5
+
∂3χ∆
∂ϕa∂ϕb∂ϕc
H∗[µa H
∗ν
b C
∗ρλ]
c +
∂4χ∆
∂ϕa∂ϕb∂ϕc∂ϕd
H∗µa H
∗ν
b H
∗ρ
c H
∗λ
d , (11)
QΛ (f) = f
A
Λ η¯
∗
A −
(
PAΛ (f)
)
µ
η¯∗µA −
(
PAΛ (f)
)
µν
η¯∗µνA
+
(
PAΛ (f)
)
µνρ
V ∗µνρA −
1
4!
(
PAΛ (f)
)
µνρλ
F µνρλA , (12)
and
(P∆ (χ))
µνρ =
∂χ∆
∂ϕa
C∗µνρa +
∂2χ∆
∂ϕa∂ϕb
H∗[µa C
∗νρ]
b +
∂3χ∆
∂ϕa∂ϕb∂ϕc
H∗µa H
∗ν
b H
∗ρ
c ,
(13)
(P∆ (χ))
µν =
∂χ∆
∂ϕa
C∗µνa +
∂2χ∆
∂ϕa∂ϕb
H∗µa H
∗ν
b , (P∆ (χ))
µ =
∂χ∆
∂ϕa
H∗µa . (14)
The functions (Pab (W ))
µνρλ and (P cab (M))µνρλ are obtained from (11) in
which we replace χ∆ with Wab and respectively with M
c
ab, while the elements
QaA (f), Qabcd (f), and Q
ab (f) result from the relations (12) and (11)–(14)
where, instead of fAΛ , we put f
A
aB, f
A
abcd, and respectively f
Aab. (The objects(
PAΛ (f)
)
µνρλ
,
(
PAΛ (f)
)
µνρ
,
(
PAΛ (f)
)
µν
, and
(
PAΛ (f)
)
µ
are expressed by (11),
(13), and (14) in which W∆ is substituted by f
A
Λ ). The quantities Wab, M
c
ab,
fAaB, f
A
abcd, and f
Aab are arbitrary functions of the undifferentiated scalar fields
ϕa, with M
c
ab and f
A
abcd completely antisymmetric in their lower indices and
fAab symmetric in its BF indices. The piece of antighost number three from
S1 is given by
α3 = − (Pab (W ))
µνρ
(
ηaCbµνρ − 4A
aλCbµνρλ
)
+ 2
[
Wabη
∗a
µνρλ
+ (Pab (W ))[µν B
∗a
ρλ] + (Pab (W ))[µ η
∗a
νρλ]
]
Cbµνρλ −
[
M cabη
∗a
µνρλ
+ (P cab (M))[µν B
∗a
ρλ] + (P
c
ab (M))[µ η
∗a
νρλ]
]
ηbηµνρλc −
(
Qab (f)
)
µ
ηaνρλη
µνρλ
b
+1
4
(P cab (M))µνρ
(
ηaηbηµνρc − 8A
a
λη
bηµνρλc
)
+ (QaA (f))
µ ηaη¯Aµ
−
[
(QaA (f))
µAaµ + (QaA (f))
µν B∗aµν −
1
3
(QaA (f))
µνρ η∗aµνρ
− 1
12
(QaA (f))
µνρλ η∗aµνρλ
]
η¯A − 1
3!
[
(Qabcd (f))
µAaµ + (Qabcd (f))
µν B∗aµν
−1
3
(Qabcd (f))
µνρ η∗aµνρ −
1
12
(Qabcd (f))
µνρλ η∗aµνρλ
]
ηbηcηd, (15)
where the functions appearing in the above and denoted by
(
Qab (f)
)
µ
,
(QaA (f))
µ, (QaA (f))
µν , (QaA (f))
µνρ, (QaA (f))
µνρλ, (Qabcd (f))
µ, (Qabcd (f))
µν ,
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(Qabcd (f))
µνρ, and (Qabcd (f))
µνρλ are withdrawn from the generic relations
(QΛ (f))
µ = −fAΛ η¯
∗µ
A − 2
(
PAΛ (f)
)
ν
η¯∗µνA
+3
(
PAΛ (f)
)
νρ
V ∗µνρA −
1
3!
(
PAΛ (f)
)
νρλ
F µνρλA , (16)
(QΛ (f))
µν = 2fAΛ η¯
∗µν
A − 6
(
PAΛ (f)
)
ρ
V ∗µνρA +
1
2
(
PAΛ (f)
)
ρλ
F µνρλA ,(17)
(QΛ (f))
µνρ = −6fAΛ V
∗µνρ
A +
(
PAΛ (f)
)
λ
F µνρλA , (18)
(QΛ (f))
µνρλ = −fAΛ F
µνρλ
A . (19)
The remaining P -type coefficients from (15) result from relations (13) and
(14). The last three constituents of S1 are expressed by the formulas
α2 = (Pab (W ))
µν
(
ηaCbµν − 3A
aρCbµνρ
)
− 2
[
(Pab (W ))[µB
∗a
νρ]
+Wabη
∗a
µνρ
]
Cbµνρ − 1
2
(P cab (M))µν
(
1
2
ηaBµνc + 3A
a
ρη
µνρ
c
)
ηb
+
[
(P cab (M))[µB
∗a
νρ] +M
c
abη
∗a
µνρ
]
ηbηµνρc −
1
2
[
(P cab (M))µA
∗µ
c
−M cabη
∗
c ] η
aηb +
{[
3 (P cab (M))µν A
a
ρ + 12 (P
c
ab (M))µB
∗a
νρ
+4M cabη
∗a
µνρ
]
Abλ − 6M
c
abB
∗a
µνB
∗b
ρλ
}
ηµνρλc +
1
2
(QaA (f))
µν
(
ηaη¯Aµν
+Aa[µη¯
A
ν]
)
− (QaA (f))
µνρB∗aµν η¯
A
ρ −
1
3
(QaA (f))
µνρλ η∗aµνρη¯
A
λ
+
[
1
4
(Qabcd (f))
µν AaµA
b
ν −
1
2
(Qabcd (f))
µνρB∗aµνA
b
ρ
− 1
4!
(Qabcd (f))
µνρλ
(
η∗a[µνρA
b
λ] − 2B
∗a
[µνB
∗b
ρλ]
)]
ηcηd
+1
2
(
Qab (f)
)
µν
(
−Baρλη
µνρλ
b +
3
4
ηµαβa η
ν
b αβ
)
−1
3
[(
Qab (f)
)
µνρ
A∗aλ +
1
4
(
Qab (f)
)
µνρλ
η∗a
]
ηµνρλb , (20)
α1 = − (Pab (W ))µ
(
ηaHbµ − 2AaνC
bµν
)
+Wab
(
2B∗aµνC
bµν
−ηaϕ∗b
)
− 1
2
(P cab (M))µA
a
ν
(
2ηbBµνc + 3A
b
ρη
µνρ
c
)
−M cab
(
B∗aµνη
bBµνc + A
a
µη
bA∗µc +B
∗a
[µνA
b
ρ]η
µνρ
c
)
− 1
3!
(QaA (f))
µνρ
(
Aa[µη¯
A
νρ] − η
aV Aµνρ
)
− 1
2
(QaA (f))
µνρλB∗aµν η¯
A
ρλ
− 1
3!
[
(Qabcd (f))
µνρAaµA
b
νA
c
ρ + 3 (Qabcd (f))
µνρλB∗aµνA
b
ρA
c
λ
]
ηd
7
+1
4
(
Qab (f)
)
µνρ
ηµνσa B
ρ
bσ −
1
12
(
Qab (f)
)
µνρλ
ηµνρa A
∗λ
b , (21)
and respectively
α0 = −WabA
aµHbµ +
1
2
M cabA
a
µA
b
νB
µν
c −
1
4!
F µνρλB
(
fBaAA
a
[µV
A
νρλ]+
+fBabcdA
a
µA
b
νA
c
ρA
d
λ +
1
2
fBabBaµνBbρλ
)
. (22)
In (20) and (21) the functions of the type P and Q are yielded by formulas
(14) and (17)–(19). Moreover, equation (8) restricts the functions faAB to
be antisymmetric in their three-form collection indices, faAB = −faBA. This
completes the general form of the first-order deformation to the classical
master equation.
The second-order deformation (the solution to equation (9)) can be shown
to read as S2 =
∫
d4x β, where
β = − 1
2·4!
HAµνρλkABH
Bµνρλ, (23)
with
HBµνρλ =
[(
PBaA (f)
)
µνρλ
ηa +
(
PBaA (f)
)
[µνρ
Aaλ] + 2
(
PBaA (f)
)
[µν
B∗aρλ]
+2
(
PBaA (f)
)
[µ
η∗aνρλ] + 2f
B
aAη
∗a
µνρλ
]
η¯A −
[(
PBaA (f)
)
[µνρ
η¯Aλ]
−
(
PBaA (f)
)
[µν
η¯Aρλ] −
(
PBaA (f)
)
[µ
V Aνρλ]
]
ηa −
[(
PBaA (f)
)
[µν
Aaρη¯
A
λ]
+2
(
PBaA (f)
)
[µ
B∗aνρη¯
A
λ] + 2f
B
aAη
∗a
[µνρη¯
A
λ]
]
−
(
PBaA (f)
)
[µ
Aaν η¯
A
ρλ]
−2fBaAB
∗a
[µν η¯
A
ρλ] +
1
3!
[
1
4
(
PBabcd (f)
)
µνρλ
ηa +
(
PBabcd (f)
)
[µνρ
Aaλ]
+2
(
PBabcd (f)
)
[µν
B∗aρλ] + 2
(
PBabcd (f)
)
[µ
η∗aνρλ] + 2f
B
abcdη
∗a
µνρλ
]
ηbηcηd
−1
2
[(
PBabcd (f)
)
[µν
AaρA
b
λ] + 2
(
PBabcd (f)
)
[µ
B∗aνρA
b
λ]
+2fBabcd
(
η∗a[µνρA
b
λ] − 2B
∗a
[µνB
∗b
ρλ]
)]
ηcηd −
[(
PBabcd (f)
)
[µ
AaνA
b
ρA
c
λ]
+2fBabcdB
∗a
[µνA
b
ρA
c
λ]
]
ηd + 1
2
(
PBab (f)
)
µνρλ
ηaαβγδη
αβγδ
b
−
(
PBab (f)
)αβγ
ηaαβγηbµνρλ +
3
8
(
PBab (f)
)αβ
ηaαβ[µηνρλ]b
+
[(
PBab (f)
)αβ
Baαβ + 2
(
PBab (f)
)α
A∗aα − 2f
Babη∗a
]
ηbµνρλ
+1
2
(
PBab (f)
)σ
Baσ[µηνρλ]b −
1
2
fBabA∗a[µηνρλ]b + f
B
aAA
a
[µV
A
νρλ]
8
+fBabcdA
a
µA
b
νA
c
ρA
d
λ +
1
3!
fBabBa[µνBρλ]b. (24)
In the meantime, equation (9) requests that the various functions depending
on the undifferentiated scalar fields that parameterize the first-order defor-
mation are subject to the equations
Wea
∂Wbc
∂ϕe
+Web
∂Wca
∂ϕe
+WecM
e
ab = 0, We[a
∂Mdbc]
∂ϕe
+Mde[aM
e
bc] = 0, (25)
−We[a
∂fAb]B
∂ϕe
−Meabf
A
eB + f
A
aEf
E
bB − f
A
bEf
E
aB = 0, f
AaeWeb = 0, (26)
Wf [a
∂fAbcde]
∂ϕf
+ fAf [abcM
f
de] − f
E
[abcdf
A
e]E = 0, f
(A
eCf
B)ae = 0, (27)
Wec
∂fAab
∂ϕe
+ fAe(aM b)ec − f
A
cMf
Mab = 0, f
(A
ebcdf
B)ae = 0. (28)
Further, by direct computation we infer that (S1, S2) = 0, so all the other de-
formations, of order three or higher, can be taken to vanish, S3 = S4 = · · · =
Sk = · · · = 0. In conclusion, the full deformed solution to the master equation
for the model under study, which is consistent to all orders in the coupling
constants, can be written as S¯ = S + λ
∫
d4x (α0 + α1 + α2 + α3 + α4) +
λ2
∫
d4x β, where its first-order components are listed in (10), (15), (20)–
(22) and β is expressed by (23). From the deformed solution to the master
equation we can extract all the information on the (gauge) structure of the
resulting interacting model.
Thus, the piece of antighost number zero from the deformed solution S¯ is
precisely the Lagrangian action of the coupled model and has the expression
Sˆ[Aaµ, H
a
µ, ϕa, B
µν
a , V
A
µνρ] =
∫
d4x
(
HaµD
µϕa +
1
2
Bµνa F¯
a
µν −
1
2·4!
F¯AµνρλF¯
µνρλ
A
)
,
(29)
where we employed the notations
Dµϕa = ∂µϕa + λWabA
b
µ, F¯
a
µν = ∂[µA
a
ν] + λM
a
bcA
b
µA
c
ν , (30)
F¯Aµνρλ = F
A
µνρλ + λ
(
fAabcdA
a
µA
b
νA
c
ρA
d
λ + f
A
aBA
a
[µV
B
νρλ]
+ 1
3!
fAabBa[µνBρλ]b
)
. (31)
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Under the general hypotheses mentioned at the beginning of this paper, for-
mula (29) gives the most general form of the action describing the four-
dimensional interactions between a collection of BF models and a set of
three-form gauge fields, whose free limit is (1). The action (29) is invariant
under the deformed gauge transformations
δ¯ǫϕa = −λWabǫ
b, δ¯ǫA
a
µ = (Dµ)
a
b
ǫb + λ
12
fabA F¯
A
µνρλǫ
νρλ
b , (32)
δ¯ǫB
µν
a = −3 (Dρ)
b
a
ǫµνρb + λ
(
2Wabǫ
bµν −M cabB
µν
c ǫ
b
)
+λ
2
F¯ µνρλA
(
fAabcdA
b
ρA
c
λǫ
d + fAaBǫ
B
ρλ
)
, (33)
δ¯ǫH
a
µ = 2
(
D˜ν
)a
b
ǫbµν −
3λ
2
∂Mdbc
∂ϕa
AbνAcρǫdµνρ −
λ
12
∂fAbc
∂ϕa
BbµαǫcβγδF¯
αβγδ
A
−λ
2
F¯Aµνρλ
(
∂fBbA
∂ϕa
AbνǫρλB −
1
3
∂fBbA
∂ϕa
ǫbV µνρB −
1
3
∂fAbcde
∂ϕa
AbνAcρAdλǫe
)
−λ
(
∂Wbc
∂ϕa
Hcµ −
∂Mdbc
∂ϕa
AcνBdµν
)
ǫb, (34)
δ¯ǫV
A
µνρ =
(
D[µ
)A
B
ǫBνρ] − λf
A
aBV
B
µνρǫ
a + λfAabcdA
a
µA
b
νA
c
ρǫ
d + λ
2
fAabσαβBaα[µǫνρ]βb,
(35)
where we used the notations
(Dµ)
a
b
= δab ∂µ − λM
a
bcA
c
µ, (Dµ)
b
a
= δba∂µ + λM
b
acA
c
µ, (36)(
D˜µ
)a
b
= δab ∂µ − λ
∂Wbc
∂ϕa
Acµ, (Dµ)
A
B
= δAB∂µ + λf
A
aBA
a
µ. (37)
The gauge transformations (32)–(35) remain second-order reducible, but the
reducibility relations only hold on-shell (where on-shell means here on the
stationary surface of the field equations for the action (29)). These relations
have an intricate, but not illuminating form, and therefore we will skip them.
The gauge algebra accompanying the deformed gauge transformations (32)–
(35) is open, in contrast to the original one, which is Abelian.
At this point, we have the entire information on the gauge structure of
the deformed theory. From (29)–(31) we observe that there appear two main
types of vertices. The first type, λ
(
HaµWabA
bµ + 1
2
Bµνb M
b
acA
a
µA
c
ν
)
, describes
the self-interactions among the BF fields in the absence of the three-forms
10
and has been previously obtained in the literature [30, 31]. The second kind
of vertices can be put in the form
− λ
4!
kAB∂
[µV νρλ]A
(
fBabcdA
a
µA
b
νA
c
ρA
d
λ + f
B
aCA
a
[µV
C
νρλ] +
1
3!
fBabBa[µνBρλ]b
)
− λ
2
2·4!
kAB
(
fAabcdA
a
µA
b
νA
c
ρA
d
λ + f
A
aCA
a
[µV
C
νρλ] +
1
3!
fAabBa[µνBρλ]b
)
×
(
fBemnpA
eµAmνAnρApλ + fBeDA
e[µV νρλ]D + 1
3!
fBmnB[µνm B
ρλ]
n
)
. (38)
We remark that (38) contains some vertices involving only the BF fields
− λ
2
2·4!
kAB
(
fAabcdA
a
µA
b
νA
c
ρA
d
λ +
1
3!
fAabBa[µνBρλ]b
)
×
(
fBemnpA
eµAmνAnρApλ + 1
3!
fBmnB[µνm B
ρλ]
n
)
, (39)
whose existence is nevertheless induced by the presence of the three-form
gauge fields. Indeed, in the absence of these fields (kAB = 0) (39) van-
ishes. The remaining terms from (38) produce cross-couplings between the
BF fields and the three-forms. From (38) it is clear that the one-forms Haµ
(from the BF sector) cannot be coupled to the three-form gauge fields. The
deformed gauge transformations (32)–(35) exhibit a rich structure, which
includes, among others, the generalized covariant derivatives (36) and (37).
It is interesting to notice that the presence of the three-forms modifies the
gauge transformations of Aaµ, B
µν
a , and H
a
µ by terms proportional with the
deformed field strength F¯Aµνρλ. Although the one-forms H
a
µ do not couple to
the three-form gauge fields, their gauge transformations contain the gauge
parameters ǫρλB , specific to the three-form sector. Similarly, the BF sector
contributes to the gauge transformations of the three-forms.
The previous results have been obtained in D = 4 space-time dimensions.
We mention that the resulting cross-coupling terms originate in the pieces
from (10) proportional with QaA (f), Qabcd (f), and Q
ab (f). These pieces are
consistent independently one from another (and also from the other terms
present in (10)) at the level of the first-order deformation. Let us consider
now the case D > 4 (for D < 4 the field strengths of the three-forms vanish,
such that no cross-couplings occur). In this case the gauge transformations
(2)–(3) from the BF sector are (D − 2)-order reducible. This implies the
introduction of a larger spectrum of ghosts and antifields for the BF sector
than in D = 4. In addition, the first-order deformation will accordingly stop
at antighost number D, S1 =
∫
dDx(α0+ · · ·+αD). Standard cohomological
arguments can be used in order to establish that αD will depend only on
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the BRST generators from the BF sector. As a consequence, all the compo-
nents from the first-order deformation generated by αD will contribute only
to pure BF couplings. On the other hand, basic cohomological arguments
ensure that the three-form BRST sector will occur non-trivially in the first-
order deformation only starting with terms of antighost number four (just
like in D = 4) via the pieces from α4 proportional with QaA (f) and Qabcd (f)
(see (10); the piece proportional with Qab (f) is absent in D > 4 due to the
fact that the ghosts ηaµνρλ are no longer γ-invariant). Just like in D = 4,
the terms from α4 proportional to QaA (f) and Qabcd (f) will be consistent
independently one from each other (and also from other pure BF terms) and
will yield the same results like in the case D = 4. By contrast, all the contri-
butions coming from the term proportional with Qab (f) must be discarded
from the first- and also from the second-order deformations in D > 4 (in
particular, the term 1
3!
fAabB
[µν
a B
ρλ]
b is absent from the deformed action and
accompanying gauge transformations). In conclusion, the interacting action
in D > 4 will have a form similar to (29) up to the fact that F¯Aµνρλ will
lack the term 1
3!
fAabB
[µν
a B
ρλ]
b . In this situation the deformed gauge transfor-
mations of Aaµ, H
a
µ, and V
A
µνρ will no longer contain terms proportional with
the gauge parameters ǫµνρa . It is understood that the deformed field strength
F¯Aµνρλ must be replaced everywhere with its new expression, as explained in
the above. The previous discussion emphasizes that the case D = 4 is a
privileged situation because it outputs the richest gauge structure for the
cross-couplings between the BF models and the three-forms.
Our procedure is consistent provided the equations (25)–(28) are shown
to possess solutions. In the sequel we give some classes of solutions to these
equations, without pretending to exhaust all their possible solutions.
A first class of solutions is given by M cab =
∂Wab
∂ϕc
, fAaB = k
mλABWam,
fAabcd = µ
Afe[ab
∂Wcd]
∂ϕe
, fAab = 0, where km are some arbitrary constants and
µA together with λAB are some constants subject to the conditions λ
A
Bµ
B = 0,
while the non-degenerate matrix of elements Wab must satisfy the equations
We[a
∂Wbc]
∂ϕe
= 0. (40)
We remark that all the non-vanishing solutions are in this case parameterized
by the antisymmetric functions Wab.
We briefly review the basic notions on Poisson manifolds. If P denotes
an arbitrary Poisson manifold, then this is equipped with a Poisson bracket
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{, } that is bilinear, antisymmetric, subject to a Leibnitz-like rule, and sat-
isfies a Jacobi-type identity. If {X i} are some local coordinates on P , then
there exists a two-tensor P ij ≡ {X i, Xj} (the Poisson tensor) that uniquely
determines the Poisson structure together with the Leibnitz rule. This two-
tensor is antisymmetric and transforms in a covariant manner under coordi-
nate transformations. Jacobi’s identity for the Poisson bracket {, } expressed
in terms of the Poisson tensor reads as P ij,kP
kl + cyclic (i, j, l) = 0, where
P ij,k ≡ ∂P
ij/∂Xk. In view of this discussion we can interpret the functions
Wab like the components of a two-tensor on a Poisson manifold with the
target space locally parameterized by the scalar fields ϕe.
Another class of solutions to (25)–(28) can be expressed as Wab = 0,
fAaB = 0, f
A
abcd = 0, f
Aab = µabξAMˆ (ϕ), M cab = C
c
abM (ϕ), with Mˆ and M
arbitrary functions of the undifferentiated scalar fields, ξA some arbitrary
constants, and µab the inverse of the Killing metric of a semi-simple Lie
algebra with the structure constants Ccab, where, in addition Cabc = µ¯adC
d
ab
(with µ¯adµ
de = δea) must be completely antisymmetric.
A third class of solutions can be written as Wab = 0, f
A
aB = 0, f
Aab = 0,
M cab = C¯
c
abNˆ (ϕ), f
A
abcd = ξ¯
Af¯e[abC¯
e
cd]N (ϕ), where Nˆ and N are some arbi-
trary functions of the undifferentiated scalar fields, ξ¯A and f¯eab denote some
arbitrary constants, and C¯cab are the structure constants of a (in general not
semi-simple) Lie algebra. Let us particularize the last solutions to the case
where C¯cab = k¯
cW¯ab, Nˆ (ϕ) = N (ϕ) =
dwˆ(k¯mϕm)
d(k¯nϕn)
, with k¯c some arbitrary con-
stants, wˆ an arbitrary, smooth function depending on k¯mϕm, and W¯ab some
constants satisfying the relations W¯a[bW¯cd] = 0. Obviously, the last relations
ensure the Jacobi identity for the structure constants C¯cab. Replacing back
the particular form of C¯cab, Nˆ , and N into the initial solutions from the third
class, we find Wab = 0, f
A
aB = 0 = f
Aab, M cab =
∂Wˆab
∂ϕc
, and fAabcd = ξ¯
Af¯e[ab
∂Wˆcd]
∂ϕe
,
where Wˆab = W¯ab
dwˆ(k¯mϕm)
d(k¯nϕn)
. It is easy to see, due to W¯a[bW¯cd] = 0, that
Wˆab satisfy the Jacobi identity for a Poisson manifold, Wˆe[a
∂Wˆbc]
∂ϕe
= 0. The
above discussion emphasizes that we can generate solutions correlated with a
Poisson manifold even ifWab = 0. In this situation the Poisson two-tensor re-
sults from a Lie algebra. It is interesting to remark that the same equations,
namely W¯a[bW¯cd] = 0, ensure the Jacobi identities for both the Lie algebra
and the corresponding Poisson manifold. These equations possess at least
two types of solutions: W¯ab = εijke
i
ae
j
be
k
cρ
c, with i,j,k = 1, 3, and respectively
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W¯ab = εa¯b¯c¯l
a¯
al
b¯
bl
c¯
cρ¯
c, with a¯,b¯,c¯ = 1, 4, where eia, ρ
c, la¯a, and ρ¯
c are all constants
and εijk together with εa¯b¯c¯ are completely antisymmetric symbols, defined
via the conventions ε123 = ε124 = ε134 = ε234 = +1.
Finally, we consider the case where there exist some independent con-
stants kˆa such that kˆaWab = 0, so Wab is degenerate. In this situation a class
of solutions to (25)–(28) is expressed by Mabc =
∂Wbc
∂ϕa
, fAaB = k
mλABWam,
fAabcd = 0, and f
Aab = kˆakˆbM¯ (uˆ), where M¯ is an arbitrary function of
uˆ = kˆaϕa, Wab must satisfy the Jacobi identity (40), k
m are some arbi-
trary constants, and µA are null vectors for λAB. In this case Wab depend on
the undifferentiated scalar fields, but not necessarily through uˆ. The solution
fAab is also degenerate since it possesses the null vectors εbc (ϕe) kˆ
c, with εbc
some antisymmetric, arbitrary functions of the undifferentiated scalar fields.
In each of the four cases studied in the above the entire gauge structure
of the interacting model can be obtained by substituting the corresponding
solution into the formulas (29)–(37). We remark that in all these four cases
we obtain interaction vertices among the BF fields induced by the presence
of the three-form gauge fields as well as vertices that describe cross-couplings
between BF fields and three-forms.
To conclude with, in this paper we have investigated the consistent in-
teractions that can be introduced between a collection of BF theories and a
set of three-form gauge fields. Starting with the BRST differential for the
free theory, we give the consistent first-order deformation of the solution to
the master equation, and obtain that it is parameterized by several kinds
of functions depending only on the undifferentiated scalar fields. Next, we
determine the second-order deformation, whose existence imposes certain re-
strictions with respect to these types of functions. Based on these restrictions,
we show that we can take all the remaining higher-order deformations to van-
ish. As a consequence of our procedure, we are led to an interacting gauge
theory with deformed gauge transformations, a non-Abelian gauge algebra
that only closes on-shell, and on-shell, second-order reducibility relations.
Finally, we investigate the equations that restrict the functions parameteriz-
ing the deformed solution to the master equation, and give some particular
classes of solutions.
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